We have recalculated the Mikaelian and Smith radiative corrections to the Dalitz decay π 0 → e + e − γ beyond the soft-photon approximation, i.e. over the whole range of the Dalitz plot and with no restrictions on the radiative photon. In contrast to the previous calculations, we did not neglect the terms of order higher than m 2 and also included the one-photon irreducible contribution at one-loop level. The results can then be used also for heavier particles in the final state, e.g. for the process η → µ + µ − γ.
Introduction
The second most important decay channel of the neutral pion (right after the process π 0 → γγ) is the Dalitz decay π 0 → e + e − γ (named after Richard H. Dalitz, who first studied it in [1] ) with a branching ratio (1.174 ± 0.035) % [2] . Experimental data of this process provide information about the semi off-shell pion transition form factor F π 0 γγ * (Q 2 /M 2 ) in the time-like region and in particular its slope parameter a.
Radiative corrections to the total decay rate of the Dalitz decay π 0 → e + e − γ were first addressed by D. Joseph [3] . The pioneering study of the corrections to the differential decay rate was done by B. E. Lautrup and J. Smith [4] using the softphoton approximation. This analysis was soon after extended by K. O. Mikaelian and J. Smith [5] by hard-photon corrections to the whole range of the bremsstrahlung photon energy. As one of the main results of their work, the table of radiative corrections δ(x, y) to the leading order (LO) differential decay rate was presented. It turned out that such a table would be very convenient to use for the Monte Carlo simulations in experiments covering π 0 decays such as recently NA48 experiment at CERN [6] . The published table of values δ(x, y) needs however interpolation and extrapolation which might lead to the large uncertainty. We have therefore recalculated and generalized the results presented in [5] and prepared the code which can give a value in any kinematical point x, y. As we have not neglected the terms of higher order in electron mass, our result can be also simply applied to the other processes as for example decay of eta to muon pair and photon. A systematic treatment of the next-to-leading order (NLO) corrections to the Dalitz decay of a neutral pion in the framework of chiral perturbation theory with dynamical leptons and photons was studied in [7] . Here, we will combine some results of this work together with the original paper [5] .
Our paper is organized as follows. We recapitulate first some basic facts about the LO differential decay width calculation in Section 2 and then proceed to the review of the NLO radiative corrections in the QED sector in Sections 3, 4 and 5. It should be noted, that we also include in Section 4 the one-loop one-photon irreducible contribution, which was considered to be negligible in the original paper [5] . Some technical details together with extensive results concerning bremsstrahlung contribution to the NLO correction have been moved to the appendices. Considering the leading order of the Dalitz decay π 0 → e + e − γ, the corresponding diagram is shown in Fig. 1 . In what follows, we denote the fourmomenta of the neutral pion (of the mass M ), electron (mass m), positron and photon by P , p, q and k, respectively. We also introduce common kinematic variables x and y defined as
Leading order
where x is a normalized square of the total energy of e + e − pair in their CMS (or simply of the electronpositron pair invariant mass) and y has the meaning of the rescaled cosine of the angle between the directions of the outgoing photon and positron in the e + e − CMS. If we introduce ν = 2m/M and
we can write the limits on x and y as
The shaded blob in Fig. 1 corresponds to the neutral pion semi off-shell transition form factor Integrating (9) over y, we find
Moving beyond the leading order, it is convenient to introduce the NLO correction δ to the LO differential decay width, which can be in general defined as (in the case of the two-fold differential decay width)
or (in the one-fold differential case)
Such a correction can be divided into three parts emphasizing its origin, i.e.
where δ virt stands for the virtual radiative corrections, δ 1γIR for the one-photon irreducible contribution, which is treated separately from δ virt in our approach, and δ BS for the bremsstrahlung. Having knowledge of δ(x, y), we can calculate δ(x) using δ(x) = 3 8β
(15) In the following sections, we discuss the individual contributions one by one. From the interference terms of the LO diagram shown in Fig. 1 with the one-loop diagrams presented in Fig. 2 , we get NLO virtual radiative corrections, which can be written as
Virtual radiative corrections
(16) or (through the formula (15)) as
(17) For the correction stemming from the vacuum polarization insertion in Fig. 2a we can write
and for the electromagnetic form factors F 1 (x) and F 2 (x) stemming from the QED vertex correction in Fig. 2b we have
and
In the above formulae, Li 2 stands for the dilogarithm, λ is the infrared cutoff and we have also used for simplicity
In order to extract the real parts from the previous terms (in a sense of applying the operator Re), in the region where M 2 x ≥ 4m 2 we use log(−γ) = log(γ) + iπ, since 0 ≤ γ ≤ 1. One-photon irreducible contributions were extensively studied in [8] in connection with the bremsstrahlung correction to π 0 → e + e − process. Here, we will summarize the most important results, which are necessary to proceed towards our purpose considering NLO corrections to π 0 → e + e − γ process. Till now, we have not considered any particular form of the semi off-shell form factor F (x) in our calculations. Accordingly, we should consider at this moment a general double off-shell pion transition form factor
where l stands for a loop momentum. In order to get the one-photon irreducible contribution in a closed form, it is though necessary to choose a concrete form of F π 0 γ * γ * . In Fig. 3 , we can see the LO of the considered contribution in chiral perturbation theory. Here, we take the constant F LO π 0 γγ = −1/(4π 2 F ) as the local form factor and it is thus clear due to the power counting, that a counter-term is needed. The finite part of such a counter-term renormalized at scale µ is governed by the parameter χ (r) (µ), which corresponds to the high-energetic behaviour of the complete form factor. This can be theoretically modeled e.g. by the lowest meson dominance (LMD) approximation to the large-N C spectrum of vector meson resonances yielding the value χ (r) (M ρ ) = 2.2 ± 0.9 [9] , which can be further used for numerical results. The dependance of the correction δ 1γIR on χ (r) can be neglected for the values given by relevant models as well as experiments.
The total matrix element covering all the diagrams represented in Fig. 3 can be written in such a form, which manifestly satisfies the Ward identities for conserved electromagnetic vector current
where P , A and T are scalar form factors, the explicit form of which can be found in Appendix A of [8] .
To get the NLO one-photon irreducible part of the correction δ, we need to consider the interference term of LO matrix element (7) and the 1γIR contribution (22), and sum it over the photon polarizations with the result
Normalizing to the LO two-fold differential decay width, we get finally
For our purpose, we can set safely F (x) . = F LO (0) (see also (6) , assuming the slope a is small) in the previous formula, considering only the leading order of the chiral expansion. The diagrams which contribute to the Dalitz decay bremsstrahlung and are thus important to cancel the IR divergences stemming from the virtual corrections discussed in Section 3 are shown in Fig. 4 . The corresponding invariant matrix element (including cross terms) can be written in the form
Bremsstrahlung
where
The form factor F ((l + p + q) 2 /M 2 ) can be expanded (assuming a is small) in the following way
and thus can be approximated by F (x), taking into account only the leading order in the chiral expansion. Let us also introduce 'Tr' 3 for the rescaled matrix element squared and summed over all spins and polarizations of final states by the relation
Inasmuch as an additional photon comes into play, it is convenient to introduce a new kinematic variable, which describes the normalized invariant mass squared of the two photons
and so has the similar meaning as x in the case of electron-positron pair. The limits on x γ are
(30) The contribution of the bremsstrahlung to the leading order can be described (according to (12)) by the correction
in which in agreement with [5] we can write
The above used operator J is defined for the arbitrary invariant f (k, l) of the momenta k and l as follows
(33) Finally, putting the LO differential decay width expression (9) and the previous result (32) into (31) we get
In the remaining part of this section, we discuss the way the integral J[Tr]dx γ is treated. Most of the explicit formulae are then moved to Appendices.
Being on shell (k 2 = 0 = l 2 ) and in the diphoton center of mass system where
2 We use the notation for the Levi-Civita tensor in which ε (k)... = ε µ... kµ . 3 Note that especially in this chapter we restrict outselves to the original notation used in the work [5] .
Here, we have usedl to mark the four-momentum l with the opposite momentum direction, i.e. whenever l = (l 0 , l ), thenl = (l 0 , − l) . We can come back to the invariant form in a known way through
or for example due to
If we follow the notation of [5] , we define the propagator denominators in the following way (suppressing +iǫ part for now)
(38) Not only the whole amplitude is invariant under the interchange of the two photons (and thus of k and l in (26)), but also the operator J possesses the same symmetry, which can be written for the arbitrary function of the propagator denominators (38) as
(39) The interchange of p and q (which is also a relevant symmetry in our case) must be compensated on the level of the operator J by changing the y sign, thus
There are also some useful identities which follow from the definitions (38)
It is convenient to know the above relations for two reasons. We can see that we can simply trade one of the above defined variables for the other and thus we need only two more independent variables in addition to x, y and x γ (e.g. A and B) to describe the kinematics of our decay. On the other hand, we realize that some special combinations of the variables A, . . . , F are invariant with respect to the acting of the operator J (i.e. they depend only on x, y and x γ ). We can also combine the previous formulae to get some other J-invariant combinations.
If we consider for example that
we find
These expressions are useful when we want to reduce the complicated J terms, arising naturally during the calculation of the invariant matrix element squared, to the basic ones (for the list of these see Appendix D). First, we use these relations to simplify the numerators (e.g. we get rid of A in the term like A/(DE) using the relation (47)). 4 Then also the denominators can be treated. For example, consider the term J[1/(ACEF )], then
After applying the operator J and using the symmetry (39), we find
All necessary reductions of this type are summarized in Appendix B (except for the discussed symmetries (39) and (40) This unwelcome behaviour can be extracted from the Tr expression (decomposed under the operator J as Tr = Tr C + Tr D , see Appendix A for details) to get the convergent part Tr C , which can be treated numerically (letting λ → 0, the lower bound on x γ is 0), and the divergent part Tr D , which should be treated analytically (the cutoff λ has to be preserved).
Finally, as expected, the sum of the divergent part of the bremsstrahlung correction δ BS D (x, y), the explicit form of which can be found in (A.4), and the divergent part of virtual correction δ virt (x, y), represented in the following formula by the electromagnetic form factor F 1 (x), in particular
is IR finite. In other words, terms proportional to log m/λ cancel each other in the final formula of the correction δ(x, y).
Summary
For the reader's convenience, we put here together the individual pieces (16), (24) and (34) and write the overall NLO correction
where the convergent part of the rescaled bremsstrahlung invariant matrix element squared (to be integrated over x γ numerically) Tr C is given by (A.2) and the analytically integrated divergent part of the bremsstrahlung correction δ BS D (x, y) is shown in (A.4). Let us recall that the explicit formulae for the scalar form factors A and T can be found in Appendix A of [8] .
Taking the result (51) and using the formula (15), we get the overall correction to the one-fold differential leading order decay width, which is illustrated in Fig. 5 . For comparison, also the the sum δ virt (x) + δ BS (x), which would have corresponded to the correction presented in the original paper [5] if the m 4 terms had not been omitted, and onephoton irreducible contribution δ 1γIR are shown. = 0 has the origin in the electromagnetic form factor F 1 (x) and is connected to the Coulomb self-interaction of the dilepton at threshold.
All the formulae necessary for the complete calculation of the considered correction are listed in the present paper. For the eventual future practical use of an interested reader, we submit together with this text also (as ancillary files) a C++ code, which contains all the expressions and as a demonstration it calculates the correction for given (x, y). 
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The integration over x γ of J[Tr D ] has to be done analytically. After substituting the appropriate expressions from (D.32) and (D.33) and putting the result into (34), we find for the contribution of the divergent part to the bremsstrahlung correction
where K(x, y) is given by (D.34). It is apparent, that the IR divergent part indeed cancels with its counterpart in the virtual correction δ virt (x, y) .
Appendix B. J terms reduction
In this appendix, we summarize all the necessary reductions of the J terms to the basic integrals, the results of which can be found in Appendix D. The following formulae are used to get the matrix element squared in the form shown in Appendix A.
Appendix C. Computational methods
In this appendix, we show the approaches we used to evaluate the basic integrals listed in Appendix D.
Appendix C.1. Feynman parametrization The last integral can be evaluated as (C.13)
